A characterization of flat ideals in the unit interval with the canonical fuzzy order is obtained with the help of the ordinal sum decomposition of continuous t-norms. This characterization will be useful in the study of topological and domain theoretic properties of fuzzy orders.
Introduction and preliminaries
A commutative quantale [1] The binary operation → is called the implication corresponding to &. So, commutative quantales are often the table of truth-values in many valued logic, with & playing the role of the connective "conjunction", → playing the role of the connective "implication". A Q-order (or an order valued in the quantale Q) [2, 3] on a set X is a reflexive and transitive Q-relation on X. Explicitly, a Q-order on X is a map P : X × X −→ Q such that P (x, x) ≥ 1 and P (y, z)&P (x, y) ≤ P (x, z) for any x, y, z ∈ X. The pair (X, P ) is called a Q-ordered set. As usual, we write X for the pair (X, P ) and X(x, y) for P (x, y) if no confusion would arise.
If P : X × X −→ Q is a Q-order on X, then P op : X × X −→ Q, given by P op (x, y) = P (y, x), is also a Q-order on X (by commutativity of &), called the opposite of P .
If we let d L (p, q) = p → q for all p, q ∈ Q, then d L is a Q-order on Q, called the canonical Q-order on Q. The opposite d R of d L is given by d R (p, q) = q → p. Both of (Q, d L ) and (Q, d R ) play important roles in the theory of Q-ordered sets.
A fuzzy lower set of a Q-ordered set X is a map φ : X −→ Q such that φ(x)&X(y, x) ≤ φ(y) for all x, y ∈ X. Dually, a fuzzy upper set of X is a map ψ : X −→ Q such that X(x, y)&ψ(x) ≤ ψ(y) for all x, y ∈ X.
Given a fuzzy lower set φ and a fuzzy upper set ψ of a Q-ordered set X, the tensor product of ψ and φ is defined to be the value
Intuitively, φ ⊗ ψ measures the degree that φ intersects with ψ. Definition 1.1. ( [4, 5] ) A flat ideal in a Q-ordered X is a fuzzy lower set φ of X such that (1) φ is inhabited in the sense that a∈X φ(a) ≥ 1; (2) φ is flat in the sense that for any fuzzy upper sets ψ 1 , ψ 2 of X,
Flat ideals are a counterpart of directed lower sets, so, they play a crucial role in the study of the topological and domain theoretic properties of fuzzy orders. It should be noted that there exist different approaches to the notion of "fuzzy ideals", a comparative study can be found in [5] .
In order to understand the structure of flat ideals in fuzzy ordered sets, the first step is to characterize the flat ideals in the table of truth-values, i.e., the flat ideals in Q with the canonical fuzzy order. Among the best known commutative quantales are the unit interval [0, 1] together with a continuous triangular norm (t-norm, for short). The importance of such quantales in fuzzy set theory cannot be over estimated. In particular, the BL-logic of Hájek [6] , a very successful theory of fuzzy logic, is a logic based on such quantales. The aim of this note is to characterize flat ideals in the unit interval with the canonical fuzzy order. The result is very likely to be useful in the theories of topological spaces and partially ordered sets based on BL-logic.
2 Fuzzy lower sets of
A left continuous t-norm [7] (1) The t-norm min:
The implication of the t-norm min is known as the Gödel implication. (2) The product t-norm:
The implication of the product t-norm is known as the Goguen implication and, as a binary operation, it is continuous except at the point (0, 0). (3) The Lukasiewicz t-norm:
The implication of the Lukasiewicz t-norm is known as the Lukasiewicz implication and it is a continuous binary operation.
The following conclusion is essentially Proposition 2.3 in [7] . The following result, known as the ordinal sum decomposition of continuous t-norms, is of fundamental importance in the theory of continuous t-norms. isomorphic to the Lukasiewicz t-norm or to the product t-norm;
Therefore, for a continuous t-norm & on [0, 1] and c ∈ [0, 1], if we let
is either isomorphic to the Lukasiewicz t-norm or to the product t-norm. Furthermore, the implication operation in the quantale
The purpose of this section is to characterize the fuzzy lower sets and fuzzy upper sets in
In the case that the t-norm is one of the basic continuous t-norms, such characterizations have been presented in [9] : Proposition 2.4 and Proposition 2.6. We use the ordinal sum decomposition of continuous t-norms to establish the desired characterizations in the general case: Proposition 2.5 and Proposition 2.7. 
and the correspondence x → c + ∧ φ(x) defines a fuzzy lower set of the fuzzy ordered set
Proof. We prove the necessity first.
(L1) Obvious.
(L2) This follows from (L1) and that
There exists some idempotent element c such that b > c > a. It is clear that b → a = a. Then we proceed with three subcases.
− and φ(b) < a. First, we show that a is not idempotent and φ(a + ) < a. If either a is idempotent or φ(a + ) ≥ a + , then, by (L4), we have either φ(1) ≥ a or φ(1) ≥ a + , contradicting φ(b) < a. This shows that a is not idempotent and φ(a
The following characterization of fuzzy upper sets of ([0, 1], d L ), Proposition 2.7, will be used in the next section. Since its proof is similar to that of Proposition 2.5, the details are omitted. 
Flat ideals in
In this section, we characterize flat ideals in
The strategy is to do this in the case that & is one of the basic continuous t-norms, then in the general case with help of the ordinal sum decomposition of continuous t-norms. Given a fuzzy ordered set X, a net {x λ } λ∈D in X is forward Cauchy [3] if λ∈D σ≥µ≥λ X(x µ , x σ ) = 1.
A fuzzy lower set φ of a fuzzy ordered set X is a forward Cauchy ideal if there exists some forward Cauchy net {x λ } λ∈D such that φ = λ∈D µ≥λ X(−, x µ ).
The following theorem was proved in [4] in the case that & is isomorphic to the product t-norm, and in [10] in the case that & is isomorphic to the Lukasiewicz t-norm. 
Proof. The proof is divided into four lemmas given below. The necessity part is contained in Lemma 3.4 and Lemma 3.5; the sufficiency part follows from Lemma 3.6 and Lemma 3.7.
Proof. Consider the fuzzy upper sets
showing that φ(c) is idempotent.
showing that σ is inhabited. It remains to show that for any fuzzy upper sets ψ 1 , ψ 2 of the fuzzy ordered set ([c
Step 1. For each fuzzy upper set ψ in ([c
is a fuzzy upper set of
This follows from Proposition 2.7 immediately.
Step 2. For each fuzzy upper set ψ in ([c
Step 3. For any fuzzy upper sets ψ 1 , ψ 2 of ([c
Therefore, σ is a flat ideal in the fuzzy ordered set ([c
The verification of the following lemma is straightforward and is left to the reader. 
Lemma 3.7. Suppose φ is a fuzzy lower set of
it suffices to show that for all c ∈ K φ , there is some
We proceed with three cases. Case 1. c is non-idempotent and φ(c 
showing that c ∈ K φ , contradictory to that c / ∈ K φ . Hence we have b < c < c + and φ(c) < c
and, since ψ is a fuzzy upper set,
Case 2. c is non-idempotent and φ(c − ) ≤ c − . We distinguish two subcases. Subcase 1. φ(c) is idempotent. We show that b = φ(c) satisfies the requirement. Since
. Now we use this fact to show that φ(φ(c)
Thus, Subcase 2. φ(c) is non-idempotent. Since c ∈ K φ , then φ(c) < c, hence φ(c) = φ(1) by (L2) in Proposition 2.5. The rest of the proof then proceeds in the same way as that for Subcase 2 in Case 2, the details are omitted here.
